Display of Critical Angles Through Surface Plots in Elastic Positron-Hydrogen Collisions by Mandal, Puspajit et al.
Indian J. Phys. 73B (2), 215-222 (1999)
I J P  B
—  an in ternationa l journal
D isp la y  o f  c r it ic a l a n g le s  th r o u g h  su r fa c e  p lo ts  in  e la s t ic  
p o s itr o n -h y d r o g e n  c o llis io n s
Puspajit Mandal, Sabyasachi Kar and Utpal Roy*
D epartm ent o f M athem atics, V isva-B hara ti U niversity , 
S an tim ketan  731 233, West B engal, India
A b s tr a c t  R esu lts o f  a recent S chw inger variational ca lcu la tion  for c las tic  positron
scattering  from  hydrogen atom  at low -energies for partia l-w aves L = 0 -  5 [./ Phxs  B30 
L 627 (1997)] are u tilised  to co m p u te  the d if fe re n tia l c ro ss sec tio n  in the en e rg y -ran g e  
0 136 -  10 2 eV T he d iffe ren tia l cross sections d isp lay  sharp  m in im a at an in te rm id ia te  
angle o f scattering It is dem onstrated through surface plots how the partial-w ave contributions 
to the scattering am plitude interfere destructively at critical angles to exhibit these m inim a. 
The resu lts ind icate  that the m in im a beg in  to appear for inc iden t po sitro n  m om en ta  just 
beyond 0  31 (a u ) and m anifest a s  a deep gorge in the valley o f the cross section
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1. Introduction
It is interesting to note that the study of critical angles in positron-hydrogen collisions has 
drawn very little attention inspitc of the fact that a phenomenal number of studies has been 
made on the elastic scattering, positronium formation, discrete excitation and ionization 
processes both experimentally and theoretically beginning with the pioneering calculations by 
Late Sir Harry and co-workers since the early days of quantum mechanics. One of the reasons 
for this seems to be that accurate results of the differential cross section are not available for 
most of the systems in the absence of reliable results for higher partial-waves.
Using empirical relationships satisfied by the phaseshifts, Wadhera etal[\ \ predicted, 
for the first time, the existence of the critical points for positron -  rare -  gas -  atoms Ar, Kr and 
Xc due to the low-energy positron-diffraction. At these critical points, the differential cross 
section becomes minimum either as a function of the scattering angle or of the incident energy. 
An analysis by Buhring [2] in the case of electron-atom collisions has shown that elastically 
scattered electrons are fully polarized when the scattering angle and the incident energy
* C om puter C entre , V isva-B harati U niversity , S antin ikctan-731 235, West B engal, India
© 1999 LACS
216
correspond to the critical values. The origin of this polarization effect has been found to he the 
spin-orbit coupling which arises in a many-elcctron atomic system.
In this work, our objective is to study the existence and nature of the critical angles in 
the elastic positron-hydrogen collisions at low-energies of positron impact in the range 0.136 
-  10.2 eV. In order to make an indepth analysis on their existence and behaviour, we make use 
of the accurate Schwinger variational results obtained by Roy and Mandal [3], and Kar and 
Mandal [4] for a maximum of L = 12 partial-waves and approximate the higher partial-wave 
amplitudes with the help of the Callaway-Temkm polarization potential 15] and the effective- 
range formula of O’Malley etal [6| for contribution uptoLm(u = 40. Beyond this, the scattering 
amplitudes are assumed to be determined by the polarized Born amplitude. Thus we obtain :
i- Jwi
f (8 )  = - £ ( 2  l + l ) f ^ " ( k r kl )Pl(cos9)+ ^ ( 2 l  + l ) f liP)(kr k)P,(cos0)
/=0 t -M
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+ ^ ( 2 l  + \ ) f l(B+Pol\ k r ki )P'(cos6)
where Pfcos 0 ) denotes the Legendre's polynomial of the first kind of order / and 0 is the 
scattering angle.
2. Results and discussion
We now present the nature of d a l  dQ is some detail. One of the interesting results of the 
present calculation is our finding that the critical angles in the clastic differential cross section 
in positron-H collisions begin to appear for incident positron momenta just beyond 0.31 (a.u.) 
as is evident from the listed values in Table 1 for the incident momenta 10.3,0.4] (a.u.) at a step 
size of 0.01.
In order to show how destructive interference between partial-wave contributions to 
the scattering amplitude is responsible for the appearance of the critical angles, we enlist in 
Table 2 the values o fda /dQ  around the critical angles with the inclusion of successive partial- 
wave contributions almost constructively accumulate to yield smoothly converged values of 
the differential cross section. From a close look at all these results, it is now possible to 
conclude that contributions from the partial-waves 1 < / < 5 are mainly responsible for the 
appearance of the critical angles in the elastic d a l  dQ at all the energies considered in this 
work.
The minima in the surface plots in Figures 1 -3 are manifest as a deep gorge in the valley 
of the cross-section as in Santiniketan Khoai *, moving towards the forward angles as the 
positron energy increases. As is apparent, the figures in the logarithmic scale are more illustrative 
of this sharp fall of the differential cross section near the critical angles. Some discrete curves 
of d a /  dQ  are also shown in Figure 4 to gain a deeper understanding of the behaviour of the 
differential cross section. The accompanying critical angles are shown in Table 3 in the energy 
range 0.136 -  10.2 eV. Figure 5 depicts their movement as a function of energy.
* Khoai in Bengali means a landscape with the presence of ups and downs due mainly to erosion of natural 
cobbled land during the rainy season.
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T ab le  1. The elastic differential cross section (a.u.) for positron m om enta k = 0 30 -  0.39 
(a u .)  at a step size o f 0.01 as a function o f the scattering angle in degrees in order to see how 
the critical angle starts to appear w ith increase in incident m om entum .
k = 30 k = 31 k = 32 k = 33 k = 34 k = 35 k = 36 Te­ ll k = .38
3 .1 3 4 0 3 .1 4 9 9 3 .1 6 7 6 3 1867 3 .2 0 6 9 3 2 2 8 0 3 .2 4 9 7 3 2 7 1 8 3 .2941
2 .8 3 6 2 2 .8 4 0 7 2 8468 2 .8 5 4 4 2 .8 6 3 0 2 8 7 2 4 2 .8 8 2 4 2 8 9 2 8 2 9 0 3 4
2 .5 6 2 3 2 .5561 2 .5 5 1 5 2 .5 4 8 2 2 .5461 2 544 8 2 5 4 4 2 2 5441 2 5 4 4 4
2 2941 2 2 7 8 4 2 .2 6 4 3 2 .2 5 1 5 2 .2 4 0 0 2 .2 2 9 4 2 .2 1 9 6 2 21 0 5 2 2 0 2 0
2 .0 3 8 4 2 .0 1 5 2 1 .9937 1 9 7 3 6 1 .9548 1 .9 3 7 0 1.9201 1 .9 0 4 0 1 .8885
1 .7973 1 .7688 1 7 4 2 0 1 .7167 1 .6928 1 6 6 9 9 1 .6 4 8 0 1 6 2 6 9 1 6 0 6 4
1 57 8 2 1 545 8 1 5153 1 4 8 6 4 1 .4588 1 4 3 2 4 1 .4069 1 3823 1 3583
1 3 8 1 0 1 .3 4 5 6 1 3121 1 .2804 1 .2 5 0 0 1 .2 2 0 9 1 .1928 1 1656 1.1391
1 2 0 4 3 1 1663 1 1304 1 0 9 6 2 1 0 6 3 6 1 .0323 I 0 0 2 2 .9 7 3 2 .9451
1 0 4 5 3 1 0 0 5 2 967 4 9 3 1 4 8972 864 4 .8331 .8 0 3 0 7 7 4 0
.9 0 1 7 8 6 0 4 .8 2 1 4 784 5 7 4 9 5 .7 1 6 2 .6 8 4 5 .6 5 4 2 .6 2 5 2
7 7 2 2 7 3 0 6 6 9 1 4 6 5 4 6 6 1 9 7 586 8 5 5 5 6 5 2 5 9 4 9 7 7
6 5 7 0 6 1 5 9 57 7 4 5413 507 4 4 7 5 5 4 4 5 5 4171 3903
.5 5 5 6 515 5 4 7 8 3 .4 4 3 5 .41 10 38 0 6 3522 3255 3005
4671 4 2 8 5 3928 .3 5 9 6 3289 3003 2738 2491 2261
390 5 .3 5 3 6 3197 2 8 8 4 2 5 9 6 2331 2 0 8 7 1862 1656
3 2 4 2 2893 .25 7 3 .2281 20 1 5 1773 1552 1352 1 171
2 6 7 0 .2 3 4 2 .2 0 4 4 1776 1534 1316 1 121 0 9 4 7 079 3
2 1 7 8 .1873 1600 1356 1 140 0 9 4 9 0781 0 6 3 4 0 5 0 6
.1 7 5 9 1479 .1 2 3 2 .1 0 1 4 .0 8 2 4 .0 6 6 0 05  l 8 0 3 9 8 0 2 9 7
1407 .1 1 5 3 0 9 3 2 .0 7 4 0 .0 5 7 7 0 4 3 9 0 3 2 4 0 2 2 9 0 1 5 4
1 117 0 8 8 8 .0 6 9 2 .0 5 2 7 0 3 8 9 0 2 7 6 .0 1 8 6 01 16 0 0 6 4
.0 8 7 8 .0 6 7 5 .0 5 0 4 0 3 6 3 .0 2 5 0 .0161 0 0 9 4 0 0 4 7 .0 0 1 7
.0 6 8 5 0 5 0 5 .0 3 5 8 .0241 .0 1 5 0 0 0 8 3 0 0 3 8 0 0 1 2 0 0 0 2
.0 5 2 8 0 3 7 2 0 2 4 7 0151 0 0 8 2 .0 0 3 6 0 0 1 0 0 0 0 3 .0 0 1 1
.0 4 0 4 .0 2 6 8 .0 1 6 4 .0 0 8 9 .0 0 3 9 .0 0 1 1 .0 0 0 4 .0 0 1 4 0 0 3 9
0 3 0 5 .0 1 8 9 .0 1 0 4 .0 0 4 8 .0 0 1 6 .0 0 0 5 .0 0 1 4 .0 0 3 9 0 0 7 8
.0 2 3 0 0 1 3 2 .0 0 6 4 .0 0 2 4 . 0 0 0 7 0 0 1 2 .0 0 3 5 .0 0 7 3 .0 1 2 4
.0 1 7 3 .0091 .0 0 3 8 .0 0 1 2 .0 0 0 9 .0 0 2 7 .0061 .01 10 0 1 7 2
.0 1 3 2 0 0 6 3 .0 0 2 3 .0 0 0 9 .0 0 1 8 .0 0 4 6 0 0 9 0 0 1 4 9 0 2 1 9
.0 1 0 2 .0 0 4 5 .0 0 1 6 .0 0 1 2 .0 0 3 0 .0 0 6 7 .0 1 2 0 0 1 8 7 0 2 6 4
.0081 .0 0 3 2 .0 0 1 3 .0 0 1 8 .0 0 4 4 .0 0 9 0 .0 1 5 0 0 2 2 3 .0 3 0 7
.0 0 6 5 .0 0 2 5 .0 0 1 3 .0 0 2 5 .0 0 5 9 .0 1 1 0 .0 1 7 7 .0 2 5 6 .0 3 4 4
.0 0 5 4 .0021 .0 0 1 5 .0 0 3 3 .0 0 7 2 .0 1 2 8 .0 2 0 0 .0 2 8 3 .0 3 7 4
.0 0 4 7 .0 0 1 8 .0 0 1 7 .0 0 3 9 .0 0 8 2 0141 .0 2 1 5 .0301 .0 3 9 5
.0 0 4 3 .0 0 1 7 .0 0 1 9 .0 0 4 3 .0 0 8 8 .0 1 4 9 .0 2 2 5 .0311 .0 4 0 7
.0041 .0 0 1 7 .0 0 2 0 .0 0 4 5 .0 0 9 0 .0 1 5 2 .0 2 2 8 .0 3 1 5 .0411
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T ab le  2. The elastic differential cross section (a u.) in positron-hydrogen  co llisions w ith  the 
addition o f  successive partial-w ave contributions as a function o f  the scattering  angle around 
the m inim a for the incident m om enta k = 0 .4 , 0 .5 , 0  6, 0.7 (a.u .).
k
(a .u .)
L
Angle
(deg)
0 1 2 3 4 5 6 7 8
106 8 0 8 9 8 7 .00641 0 0 1 0 9 0 0 0 3 6 0 0 0 6 2 .0 0 0 1 6 .0 0 0 2 1 0 0 0 3 5 0 0 0 2 4
107.2 .0 8 9 8 7 0 0 5 6 2 0 0 1 2 9 0 0 0 2 8 0 0 0 4 6 .0 0 0 1 2 .0 0 0 1 5 .0 0 0 2 6 0 0 0 1 7
107 6 0 8 9 8 7 .0 0 4 8 9 .0 0 1 5 2 .00021 0 0 0 3 4 .0001  1 .0 0 0 1 2 .0 0 0 1 8 .0 0 0 1 2
108 .0 0 8 9 8 7 .00421 .0 0 1 7 7 0 0 0 1 6 .0 0 0 2 4 .0 0 0 1 3 0 0 0 1 0 .0 0 0 1 3 0 0 0 1 0
0 4 108 .4 0 8 9 8 7 .0 0 3 5 8 0 0 2 0 3 .0 0 0 1 2 .0 0 0 1 6 0 0 0 1 6 .0 0 0 1 0 .0 0 0 1 0 0 0 0 1 0
108.8 0 8 9 8 7 .00301 00231 0 0 0 0 9 0001 1 0 0 0 2 2 .0 0 0 1 2 0 0 0 0 8 0 0 0 1 2
109 2 0 8 9 8 7 .0 0 2 4 9 0 0 2 6 0 0 0 0 0 7 .0 0 0 0 8 0 0 0 3 0 0 0 0 1 5 .0 0 0 0 9 0 0 0 1 6
109 .6 0 8 9 8 7 .0 0 2 0 2 00291 0 0 0 0 7 .0 0 0 0 7 0 0 0 4 0 0 0 0 2 0 00 0 1  2 0 0 0 2 3
110 0 0 8 9 8 7 0 0 1 6 0 0 0 3 2 4 0 0 0 0 9 0 0 0 0 9 0 0 0 5 2 0 0 0 2 6 .0 0 0 1 7 .0 0 0 3 1
8 4 .5 01591 0 4 0 6 3 0 0 0 3 5 .0 0 0 1 6 .0 0 0 7 0 .0 0 1 3 0 .0 0 0 6 6 .0 0 0 4 0 .0 0 0 5 8
8 5 .0 01591 0 3 7 9 2 0 0 0 1 6 .0 0 0 2 5 0 0 0 4 5 0 0 0 9 0 0 0 0 3 8 0 0 0 2 2 0 0 0 3 5
85 5 01 591 0 3 5 3 0 .0 0 0 0 8 .00041 0 0 0 2 7 0 0 0 5 8 .0 0 0 1 9 .0 0 0 1 1 .0 0 0 1 9
8 6 .0 01591 0 3 2 7 7 0 0 0 1 2 .0 0 0 6 3 .0 0 0 1 4 0 0 0 3 3 .0 0 0 0 8 0 0 0 0 6 0 0 0 0 9
0 .5 8 6 .5 .01591 0 3 0 3 4 .0 0 0 2 7 00091 0 0 0 0 6 .0 0 0 1 6 0 0 0 0 5 0 0 0 0 9 0 0 0 0 5
8 7 .0 0 1 591 0 2 7 9 9 .0 0 0 5 4 0 0 1 2 4 .0 0 0 0 4 0 0 0 0 6 0 0 0 1  1 .0 0 0 1 8 0 0 0 0 7
8 7 .5 .01591 .0 2 5 7 4 .00091 0 0 1 6 2 .0 0 0 0 7 .0 0 0 0 3 .0 0 0 2 4 .0 0 0 3 4 0 0 0 1 6
88 0 01591 .0 2 3 5 9 .0 0 1 3 8 .0 0 2 0 5 .0 0 0 1 5 0 0 0 0 7 0 0 0 4 4 0 0 0 5 5 0 0 0 3 0
8 8 .5 01591 0 2 1 5 3 .0 0 1 9 4 0 0 2 5 3 0 0 0 2 7 .0 0 0 1 9 0 0 0 7 2 .0 0 0 8 3 0 0 0 4 9
7 1 .5 0 0 0 0 5 0 6 2 0 9 0 0 6 2 7 0 0 0 6 6 .0 0 0 6 8 .0 0 1 5 3 0 0 2 0 8 0 0 1 5 8 0 0 1 1 8
72 0 0 0 0 0 5 .0 5 8 9 7 .0 0 4 8 0 0 0 0 6 8 .00061 .001 1 1 0 0 1 5 0 .0 0 1 0 9 0 0 0 8 2
7 2 .5 .0 0 0 0 5 0 5 5 9 3 .0 0 3 5 5 .0 0 0 8 6 .0 0 0 6 4 0 0 0 7 9 0 0 1 0 4 0 0 0 7 4 0 0 0 6 0
7 3 .0 .0 0 0 0 5 .0 5 2 9 6 .0 0 2 5 2 .0 0 1 1 9 0 0 0 7 7 0 0 0 5 7 .0 0 0 7 0 .0 0 0 5 3 0 0 0 5 0
0 6 7 3 .5 .0 0 0 0 5 .0 5 0 0 6 .0 0 1 6 8 .0 0 1 6 6 .0 0 1 0 0 .0 0 0 4 5 .0 0 0 4 9 .0 0 0 4 6 .0 0 0 5 3
7 4 .0 0 0 0 0 5 0 4 7 2 4 .0 0 1 0 5 .0 0 2 2 6 0 0 1 3  1 0 0 0 4 3 0 0 0 4 0 .0 0 0 5 2 .0 0 0 6 8
7 4  5 .0 0 0 0 5 .0 4 4 4 9 .0 0 0 6 2 .0 0 2 9 9 .0 0 1 7 2 .0 0 0 5 0 .0 0 0 4 3 .0 0 0 7 1 .0 0 0 9 4
7 5 .0 .0 0 0 0 5 .0 4 1 8 2 .0 0 0 3 7 .0 0 3 8 5 .0 0 2 2 0 .0 0 0 6 6 .0 0 0 5 8 .0 0 1 0 2 .0 0 1 3 1
7 5 .5 .0 0 0 0 5 0 3 9 2 2 .0 0 0 3 2 .00481 .0 0 2 7 6 0 0 0 9 1 .0 0 0 8 5 .0 0 1 4 6 .0 0 1 7 8
6 2 .9 .0 0 5 3 9 .0 7 1 1 6 .0 2 3 1 6 .0 0 4 5 9 .0 0 2 8 0 .0 0 3 6 0 .0 0 5 3 5 .0 0 5 9 7 0 0 5 2 5
6 3 .6 .0 0 5 3 9 .0 6 6 9 2 .0 1 8 3 5 .0 0 3 1 0 .0 0 2 2 7 .0 0 2 6 9 0 0 3 9 0 .0 0 4 2 7 .0 0 3 6 8
6 4 .3 .0 0 5 3 9 .0 6 2 7 8 .0 1 4 1 6 .0 0 2 2 2 .0 0 2 1 7 .0 0 2 1 3 0 0 2 8 2 .0 0 3 0 0 .0 0 2 5 8
6 5 .0 .0 0 5 3 9 .0 5 8 7 6 .0 1 0 5 7 .0 0 1 9 1 .0 0 2 4 7 .0 0 1 9 0 .0 0 2 0 9 .0 0 2 1 5 .0 0 1 9 5
0 .7 6 5 .7 .0 0 5 3 9 .0 5 4 8 4 .0 0 7 5 8 0 0 2 1 4 .0 0 3 1 4 .0 0 1 9 8 .0 0 1 7 1 .0 0 1 7 1 .0 0 1 7 5
6 6 .4 .0 0 5 3 9 .0 5 1 0 4 .0 0 5 1 8 .0 0 2 8 9 .0 0 4 1 6 .0 0 2 3 5 .0 0 1 6 5 .0 0 1 6 7 .0 0 1 9 7
6 7 .1 .0 0 5 3 9 .0 4 7 3 6 .0 0 3 3 4 .00411 .0 0 5 4 8 .0 0 2 9 9 .0 0 1 9 2 .0 0 2 0 1 .0 0 2 5 8
6 7 .8 .0 0 5 3 9 0 4 3 8 0 .0 0 2 0 6 .0 0 5 8 0 .0 0 7 1 0 .0 0 3 9 0 .0 0 2 5 0 .0 0 2 7 3 .0 0 3 5 8
6 8 .5 .0 0 5 3 9 .0 4 0 3 6 .00131 .0 0 7 9 0 .0 0 8 9 9 .0 0 5 0 5 .0 0 3 3 8 .0 0 3 8 0 .0 0 4 9 4
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T a b le  3 . T he c ritic a l an g les in e la s tic  p o s itro n -h y d ro g en  co llis io n s  at in c id en t en e rg ie s  
0  136 -  10.2 eV.
* (a.u.) 
9  (deg)
0 35 0 4 0
130 0 107 .0
0 .5 0  0 .6 0
87 5 72  5
0 7 0  0 .71
65 0 6 5 .0
0 .7 5  0 .8 0
5 7 .5  52 5
0 .8 5  0 .8 6 6
5 0  0 50  0
F ig u re  1. The e lastic  d ifferen tial cross section  (a u ) as functions o f  inciden t m om enta kt 
(0 1 -  0  4 a u ) and scattering angle 0  (0 -  180 deg)
0  3 0  6 0  9 0  1 20  150  180
Scattering angle (deg)
F ig u re  2. The e lastic  d ifferential cross section  (a u.) as functions o f  m om enta kt (0 .4  -  0.8 
a.u .) and scattering angle 0  (0  -  180 deg).
2 2 0
As is evident* some dramatic behaviour of the differential cross section is manifest in 
quite a few of these figures in different orientations. Better facility in larger computational 
environment would provide mote such detailed pictures* we believe. For instance, if it be
P u sp a jit M an  da l, S a b y a s a c h i K a r  a n d  U tp a l R o y
F ig u re  3. The c las tic  d iffe ren tia l cross sec tion  (a u ) as fu n c tio n s of in c id en t m om en ta  
kt (0 4 -  0 8 a u ) and scattering angle 9  (0 - 180 deg)
F ig u re  4. The elastic differential cross section (a u.) as a function o f  scattering angle 9  (deg) 
for incident m om enta ^  = 0 1  0.86  (a.u .)
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possible to draw figures at a step size of 1° scattering angle, rather than 2.5° or 2.0° as in our 
present figures for the momentum grid at 0.01 (a.u.), it would require a huge memory size, but 
the differential cross section would display finer quality structures never seen before.
F ig u re  5. C ritical angle (deg) as a function of energy (0 136 10 2 cV)
3. Conclusions
Wc have utilised the Schwinger variational results of the clastic collisions to predict the existence 
and behaviour of the critical angles in the clastic differential cross section in positron-hydrogen 
scattering. These results are believed to be quite accurate, an indication of which is given by 
the close agreement of the total cross section Ot obtained by using the imaginary part ol the 
scattering amplitude at the forward angle (the optical theorem) with the total elastic cross 
section ael obtained by summing up of the partial-wave contributions or by integration of the 
differential cross section. We have made it a point to sec that the total elastic cross sections a (/ 
from different formulae agree at all energies considered.
Thus, a comprehensive study seems to have been made on the elastic differential cross 
section for positron-hydrogen collisions at low-energies. Our investigations reveal the following 
detailed information hitherto unknown regarding the elastic differential cross section.
0) The critical angles begin to appear at incident positron momentum 0.31 (a.u.).
(ii) The forward differential cross section is highly peaked and the critical angles 
move toward the forward direction with increasing positron energy.
(iii) The critical angles appear due to destructive interference between lower partial- 
wave contributions to the scattering amplitude.
(iv) The surface plots of the differential cross section display immensely rich 
structures.
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